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FORCED VIBRATION OF A CANTILEVER
VALVE OF UNIFORM THICKNESS AND NON-UNIFORM WIDTH
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ABSTRACT

MATHEMATICAL MODEL OF THE VALVE

This paper presents a mathematical analysis
of the forced vibration of a cantilever
leaf valve of non-uniform width.
The
method of solution is a generalized technique employing the Rayleigh-Ritz procedure
to develop an approximate solution to a
geometrically accurate formulation of the
problem. Sample results are included and
the calculations are compared with experimental data measured in a test compressor
operating under conditions identical to
those used in the analytic model.

For purposes of analysis the valve may be
considered as a non-uniform bar in transverse vibration.
In addition, it will be
assumed that the cross sectional dimensions
are small co~pared with the length of the
valve and that all loading is in the form
of point forces applied at the ports. With
these assumptions, both shear and rotary
inertia effects may be neglected and the
following form of the beam equation employed to describe the valve's behavior:
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The valves in hermetic refrigeration compressors are thin leaves made of spring
steel having a length, width and form
determined by the number of ports to be
covered and their geometric distribution.
Motion is imparted to the valve as a result
of pressure and elastic forces.
Mathematical analysis of the forced vibration of leaf valves has been undertaken in
the past by several investigators (1, 2).
In general, these studies involve valves
that can be modeled by assuming them to be
cantilever beams of uniform width.
In
cases where the valve under consideration
does not differ appreciably from that of a
uniform beam, it is not uncommon to define
an equivalent uniform beam for the purposes
of analysis. Approaches of this type involve exact mathematical solutions to
approximate formulations of the problem.
Many valves in common usage embody geometries that do not closely approximate that
of a uniform beam.
This paper presents an
exact formulation for the case of a valve
of non-uniform width together with an
approximate mathematical solution for designs of this type.
In addition, experimental data is included illustrating the
effectiveness of the model in predicting
the time-dependent motion of a valve with
geometry of practical significance.

[

EI(x)

2
~

ox

J

+

m(x)

2
~~F.

ilt

J

(t)

o (x-x.)
J

where the boundary conditions shown below
apply to the case of a clamped-free beam:

y(O,t)

~

0
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Employing the principle of separation of
variables, the solution of equation (1) is
assumed to be the product of two independent solutions, one in terms of spatial
coordinates and the other in terms of time.
An approximate solution of the spatial
domain was selected in accordance with the
boundary conditions of the problem and
assembled into a linear combination to
yield the following expression for the
natural modes X~(x) of the system:
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In essence, the task at hand reduces to
the solution of the eigen value problem
presented on the next page:

316

(1)

[a] = nA [m]

[kJ
where

[a]

L

f

m .
:q

m(x) W. (x)

J

Wr(x) dx

0

L
k

0 2
ox 2

f

.

r;

2

[

0 w (x)
EI(x) ~
ox

]

W (x) dx
r

0

Figure 1. Valve Geometry

In selecting trial functions for the case
of a non-uniform beam, it is helpful to
note the existence of eigen functions satisfying equation (1) and its boundary
conditions for the case of a uniform beam
with a clamped-free end configuration.
Thus, if the eigen functions of a constant
width valve are used as trial functions for
a variable width valve, the approximate
nature of the solution would appear to be
lessened as a result of the similarity between the two cases. In line with this,
the following family of trial functions
describe a clamped-free leaf:

The mass and stiffness matrices describing
this configuration can be determined with
the aid of equations (4) and (5) together
with the following analytic representation
for the width of the valve as a function
of distance from its clamped end:
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and the Bj's are selected in accordance
with the following frequency equation:
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The reader unfamiliar with the above
solution for a uniform clamped-free beam
is referred to references (3) and (4)
where the subject is dealt with in its
entirety.
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Employing equation (3) in the equations
for mrj and kr· together with the definitions of m1x) and k(x), the following
expressions result:
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The analytical integration associated with
equations (4) and (5) is extremely difficult if not impossible for this case. As
a result, the techniques of numerical integration were utilized to obtain a value for
these integrals.
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where

once the matrix of eigenvectors [a] is
known, the following expressions may be
formed as an approximation to the solution
of both the space and time domain of
equation (1).
n

yn(x,t) ~

The valve to be discussed here has the
form shown in Figure 1.

~
j=l
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Xj(x] 'rj(t)
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Because Yn(x,t) is only an approxim ate
solution , it will not satisfy equation (1).
Neverth eless, if it is assumed that the
differen ce e(x,t) between the approxim ate
and the exact solution is small, then with

(7)

the aid of Galerkin 's method (5), it can
be shown that the weighed error integrat ed
over the length of the valve is zero as
expresse d mathema tically in equation (B)
below where the weighing function s are the
function s Xr(x).

The analysis is facilita ted by employin g a
"bounce" type model where the initial and
final position of each mass is checked
against the restrict ions placed on its
motion •._ If in the course of this check, a
violatio n is found, an iterativ e procedur e
is carried out to determin e the time of
contact between the mass and stop, tc.
Upon obtainin g tc, the position y(tcl and
velocity ~<tel of the valve is calculat ed
at the instant of impact. Immedia tely
followin g the instant of impact, the position of the valve remains unchange d; however, the velocity of that portion of the
valve contacti ng the stop or valve plate
is reversed in sign and diminish ed in
magnitud e.
COMPARISON WITH EXPERIMENT
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If equation (6) is restrict ed to predicin g
the behavior of the ~lve over small
interval s of time, it becomes possible to
consider the external forces acting on the
valve due to pressure inequalt ies across
its thicknes s as time-wis e steady during
each incremen t of time while allowing their
magnitud e to change from on incremen t to
the next. The solution can be further
simplifi ed if the time dependen t motion of
the entire valve is not required . For example, if the motion of the valve in the
neighbor hood of the two ports and at its
tip is all that is desired and the analysis
is limited to the three lowest modes of
vibratio n the valve is effectiv ely lumped
into three masses supporte d by weightle ss
springs as shown in Figure 2.
The motion of the individu al masses is restricted along the total length of the
valve for the case unde·r study by an external stop and the valve plate. These
restrict ions place the followin g mathematical limitatio ns on the valve's motion:
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I."igure 2

Schematic diagram ot lumped valve and
valve stop

configurat~on.
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A general comparis on may be made between
the displace ment of the discharg e valve
calculat ed by the model and that recorded
in the laborato ry. Figure 3 presents the
calculat ed lift of the valve tip for the
valve pictured in Figure 1 under simulate d
operatin g conditio ns. Figure 4 is a plot
of an analog trace measured in a test compressor operatin g under conditio ns identical to those used in the analytic al model.
Unfortun ately, a precise comparis on cannot
be made since the experim ental trace is
non-line ar and serves only to indicate the
form of the actual displace ment. However,
the agreemen t achieved with respect to the
timing of the various phases of discharg e
valve motion within the cycle is quite good
as can be seen by comparin g Figure 4 with
the calculat ed values of lift plotting in
Figure 3.
CONCLUDING REMARKS
The procedur e outlined here is a generalized techniqu e that can be.appli ed to a
valve of any shape such that its width can
be describe d in at least a piece-wi se
fashion over the length of the leaf. The
individu al values of [m) and [k) given by
equation s (4) and (5) are highly dependen t
on the geometri c charact eristics of the
valve. Addition al details of this technique may be found in referenc e (6) where
the model of the valve and its time dependent thermody namic forcing function are included as part of a larger simulati on of a
reciproc ating refriger ation compress or. In
addition to the example given here, reference (6) presents a similar developm ent
for the case of a tapered cantilev er valve.
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Figure 4, Valve Tip Proximity Signal vs Crankshaft Position

LIST OF SYMBOLS
o(x-x.)

J

- Kronecker delta equation defined
as 0 for x ~ x.; equal to 1 for
X = X..
J
J

E - Modulus of elasticity.
F. -Amplitude of force at distance x.
J
from base of valve.
J
I(x) -Area moment of inertia about the
neutral axis.
m(x) - Mass per unit length.
P

-

Dens i·ty.

t - Time.
T - Thickness of valve leaf.
w(x) -Width of valve leaf.
x - Distance from base of valve.
x. - Distance from base of valve to
J
force Fj.
y - Valve deflection.
BIBLIOGRAPHY
1. Wambsganss, M. w., "Mathematical Modeling and Design Evaluation of High-Speed
Reciprocating Compressors," Ph.D. Thesis
Purdue University, 1967.
2. Doige, A. G., "A Stress and Vibration
Analysis of· a Leaf-Type Compressor

319

